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Topic6 - Theory of secondFeOdesorder

So far we've been solving

first order equations.

Now we switch to second

order . We will look at these :

az(x)y" + a
,
(x)y' + a

. (x)y = b(x)

(2nd order linear

To do this we need

some preliminaries .



Lef: Let I be an interval.

Let f
,

and fa be defined on E

We say that f
,

and fe are

linearly dependent if either
-

Df,
(x) = cfz(x) for all x in I

up

②E(x) = Cf
,
(x) for all x in I

where< is a constant.

If no suchc
exists then

fife are
called nearly

-dependent.



Ex: Le + I = (- + ,
p).

Let f
,
(x) = X* and f(x) = 7x?

(x) = x3 fi and f2

are linearly

because for

example=dependent

(x)

f
,
(x) = Efz(x)

for all X in I.

Findfor all X in I



E: Let I = (a
,

p) .
3

Let f
,
(x) = X 2 and f(x) = X.

These functions are linearly
independent. Why ?

⑭I
fz(x) = X
-

Suppose f
,
(x) = cfz(x)

for all X in I.

Then x= x3 for all X.

Plug in X = 1 to get 1 = c.

Plug in X = 2 to get I =

This is nonsense !



Similarly you can't

have f(x) = cf
,
(x).

They must be linearly independent !

Thewill learn another tway

to check this based on

the Wronskian .

Ioset Wronski (1778-1893)



↑theorem : Let I be an interval ,

Let figfs be differentiableun I.

If the Wronskian

Rotation=
is not the zero function,

then f
,

and fe are linearly

independent.

That is
,

if there ·enction

exists an Xo in I

with W(fi
, fa)(Xo) #0

then f
, te are

linearly independent
wita



Leta-

Let's show these functions

are linearly independent.

witiful = /E)
SX

-
= (e

*) (Se
* ) - (2eYleY

7x

= 5e7x - ze

= Setis



Plug in X
.
= 0

to get betteSince the

Wronskian is not

the zero function,
f

,
and fr

-linearlyindependent.



For the remainder of topic 6

We will be learning the theory

mof solving and order linear ODE

an(x)y"+ a
,
(x)y+ a

. (x)y =b(x)W
on some interval I where

an(x) ,
a

,
(x), ao(x),

b(x) are

and az(x) + 0

continuous on I
these

on I
.

We will assume

conditions
for the rest of topic 6.

-

Ex: x*y"-xy' + 6yb(x)=↑[a,
(x) =x(x) = - 4x

I = (0, 01



#Fact1 : If f
,
(x) and fa(x)

are linearly independent solutions
-

to the homogeneous equationoenous means
1 O2Dar right side is

on I,
then every solution to (*)#on I is of the form

where c
,

C are constants.

-

E2 : Suppose we can find a

particular
solution Yp to

an(x)y" + a
,
(x)y' + ao(x)y = b(x)(**)-

on I
,

then every
solution

to (** ) on I is of the form



y=+
,
(x) + (fz(x) + yp

Yn
homogeneous

solution
-

un-1
Ex : Let's solve
-

y"- 7y'+ 10y = 24e
*

on I = (- + ,
a)

: Solve the homogeneous

equation :

y"- 7y' + 10y = 0



Consider f
,
(x)= e2*

, fz(x) = es

Above we showed that

f , and fo are linearly
independent. Let's show

they both solvetHoy = 0.

Let's plug them in

We have :

fi = e
,
fize*, fi = Ye

t
z
= eY, fi = Se Y, fir2sex

Plug them in to get :

fi - 7 fi + 10f,
= Yex- 7(2e

* ) + 10(eY

= (4 - 14 + 10)e



= O

And,

f2-7f2+ 10fz

= 25e
?

-
7(se

* ) + 10/eY)

= (25 - 35 + 10e
= O

Summary : Since f
,

and fr
-

are linearly independent
solutions to y"-7y' + 10y = 0

that means thatAl solutions

to y"- 7y'+ 10y = 0

are of the form
2X SX

In=x
+ Ge
~fitfz

where cc are any constants.



Some example solutions to y"-7y'+ 10y = 0 are :

3 = 1
, 4 = 7 : y = 2 + 7eC5X

C = 0,
= 1 : y = e

4 = t ,= n : y = te+ He

2: Let's now
solve

y" -7 ya loy = 24e
T

on F = ( - P, d) .

Consider We will learn

Yp = Ge
* ]sTa

Let's verify thatyp solves

y"- 7y' + 10y = 24e



We get

Yp
= be

, yp= be
, y ! = bex

So ,

yp - 7ypt 10yp

= Ge - 7(be) + 10(be)
= (6 - 42 + 60)e

*

= 24e
Y

Answer: Every solution to

2"- zy' + 10y
= 24

on I = ( - +, b)
,

is of the form

2x 5X

y = c
,
e +(e + Ge

↳

u particular
general solution Yh solution Yp to

to the homogeneous
y"- 7y'+ 10y = 24e

y"- 7y+ 10y = 0



Ex: Let's find all the

to
solutions4xy'+ by = 7

on I = (0,
d)

1: First solve the

homogeneous equation

xy"- 4xy + by = 0

Consider

f
,
(x) =X J Wewillea

f(x) = X

First we check that fist
are linearly independent.



We have

witiful = (i El
2

g I=
= (x2)(3xY - (2x)(x)

4
= X 4

This is not

the zero

function
·

Ead.
So

,
fi

,
fa are

linearly
independent

on I= (0, 0)



Now we check that fi,f
solve xy"- 4xy'+ by = 0.

We have

f
,

= x"
,
fi= 2x ,

fi = 2

fz= X
,
fi= 3xY fi= 6 x

Plugging in we get :

x-fi- 4xfi + 6f,

= x(2) - 4x(2x) + 6(xY

= O

And ,

x
- fz"- 4xf2+ 6 fz

= x (6x) - 4x(3x) + 6(x3)



=O
-

Summary : Since f
,

and f2
-

are linearly independent
solutions

to

x
=y- 4xy+ by = 0

on I
,

we know every

solution on
I is of

the form
3

InX

<
,
f

,
+ (2 + z

constants
Where , 6 are any

-



Sep2 : Now we need a

particular solution yo to

x y" - 4xy + by = t

on I = (0 ,
3)

·

Let's try

30=x =x]w
We plug it in .

Yp=
x

y =
- +zx

-

y=x= -x



We have :

xyp"- 4xyp + Gyp

= x(5x3) - 4x)- *) + 6(ix)
=(x" + =x

*

+ Ex
+

= X- =
t
X

#sa solution !

Answer: Every solution to

↓

xiy" - 4xy + by =

x

on F = (0,
b) is of the form

- I
3

t
↓ X
12

y = c
,
x + 2x

--
general solution particular

solution
In to

up
to

homogeneous xy(4xy+by =t



edthat

the general solution to

y"- 7y'+ 10y = 24e

on I = C-,
a) is

2x

Ime
*

+ Ge
-

Yh Yp

Where is are any
constants .

So we get an infinite # of

solutions to the differential

equation ,
some solutions are :

y = De
*

+ Oe
*

+ Ge
"

= Get
-

c = 0,= 0



=

#However
,

if you
create an

initial-value problem by

specifying y (X0) = Yo ,
Y'(x0) = y!

at some Xo ,
then there

will only be one unique
solution !

-



Ex:Solve loy =
24e

Y⑮0, 201 = 1
~ XoomC

The general solution to

X

y"- 7y' + (0y = 24e

is

y = ce+ ce+ Ge

Let's make this also solve

y(0) = 0 and y'(d) = 1



We have

y = ce+ ce+ Ge
*

y = 2+ 5+ Ge

Need to solve :
21 %

+ co6 = 0
C

,
e

--2(a
+ 39+ 6 = 1

y(a) = 1 20 ,
e

&e
↓

[⑫
① gives C = -6-C2.

Plug this into2 to get :

2)- 6 - 2) + 54 =
- 5

So
,

-12 -2+ S=
- S



Thus,
3 = 7

Somet C

Then ,
c

,
= -6-c = -6- 7/3 =u

This gives

=-Ge-Y ↓
-->

< e2x + (e* + Ge

This is the uniquesolution to the

initial-value problem

y"- 7y' + loy = 24e
*

y(0) = 0
, y'(0) = 1



I I I I I 1 1 11 L

T= The following are proofs of

theorems
of the previous[-some those that are interested. FWe won't cover this itcase

- It's mostly for

- You would need#backli-



Therem: Let I be an
interval .

Let

differentiable on I
.

If

fi ,
fa be

the
Wronskian

Wifisful is not[Zero for at least one point in Is

then fi and fe are linearly independent

un I.

T

rootin f ,
andfe are

linearly dependent on -

where

Then there existc,a not both zero,
2

af ,
(x) + (fz(x) = 0

for all X in I.

Thus,

< fi(x) + xf(x) = 0

for all X
in I

.

)= 281

Since (i) # (8) we get that (h)
is not invertible for each X in I .

Thus ,

W(fisful(x) = 0 for all X in F.

#



&eorem: (Linear, homogeneous, second order ODE]
Let I be an interval .

Let az(x) ,
9

,
(x)

,
go(x) ,

b(x) be

continuous on I. Suppose a(x) + 0

for all X in I.

Consider

az(x)y" + a , (x)y + ao(x)y = O (***)

Suppose that[· f
,
(x) and fa(x) are linearly

independent on I, and

⑧ f
,
(x) and fa(x) are

both

solutions to (***)

solution to ( ***) is

Then every

of the form 6< f
,
(x) + ( f,(x) = Interne

for some
constants <12 .

Prof:

By linearity ,
Cf(x) + cefz(x) will be a

solution to (***) .

Since f
,

and fu are linearly independent



on I , by the previous theorem there

exists t in 1 where W(fisfel(t) 0.

Let I be some solution of C***

Consider the system

c f
.
(t) + ( f

.
(t) = I(t)

cfi(A) +
fit) = #'It

This system will have a unique
solution

for,
since

/

wifif)(t)
=li+ 0.

LetYis En be the unique
solution

and define

z(t) = cfi(x) + (fz(x) .

By the linearity of (**) We know
I

satisfies (***) .

Z also
satisfies

the

initial conditions
Elt) = ICA) ,

Z'Al =I' (A)

Since I satisfies the

from above .

initial value problem , by the

same

uniqueness theorem we have
I(x) = z(X

for all X in F



&rem : Let I be an interval .

ao(x) ,
b(x) be continuous

Let ac(x) ,
a

,
(x)

,

X in I.

on I. Suppose ac(X) + 0 for all

Consider

az(x)y" + a , (x)y + ao(x)y = b(x)

Suppose that f ,
and fa are

linearly
equ

independent solutions to the humogeneous

az(x)y" + a ,
(x)y + a. (x)y = 0

to[solution
on

F.

that fy is a particular
Suppose =

ac(x)y" + a ,
(x)y + Go(x)yb(x)

un
I.

Then every
solution

to

=
b(x)

an(x(y
+ a

,
(x)y' + a

.
(x)y

11

is of the form Yh

-

Luxy,
(x) + ( fz(x) + fp(x)

for some constants C ,
22 .

Iof :

colveac(x)y"+ a,
(x)y + a , (x)y = b(x) .

Let f
will solve the homogeneous

Then ,
f-fp

f-fp = cif ,
+ c tz forSo

,
fatitefutfoequation . Hence


